BLOWUP AND FIXED POINTS 



C. W. STARK 



Abstract. Blowing up a point p in a manifold M builds a new manifold M 
in which p is replaced by the projectivization of the tangent space T P M. This 
well-known operation also applies to fixed points of diffeomorphisms, yielding 
continuous homomorphisms between automorphism groups of M and M . The 
construction for maps involves a loss of regularity and is not unique at the 
lowest order of differentiability. Fixed point sets and other aspects of blownup 
dynamics at the singular locus are described in terms of derivative data; C° 
data are not sufficient to determine much about these issues. 

Topological generalizations of the blowup construction prove to be much 
less natural than the classical versions, and no lifting homomorphism for home- 
omorphism groups can be constructed. 



1. Introduction 

The construction for blowing up points and subspaces which is a mainstay in 
algebraic geometry, especially in the resolution of singularities, is investigated here 
from a dynamical point of view. The blowup in this sense of a point p in a smooth 
manifold M n is a map of manifolds, q: V n — > M n , which is a homeomorphism 
away from q~ 1 ({p}), and for which q~ 1 ({p}) is a nonempty compact set, classically a 
projective space. Real and complex versions of the construction are both considered 
here. Some other notions of blowing up points appear in dynamics, notably in 
studies of normal forms for vector fields and in constructions which delete a fixed 
point set and manipulate an open cylinder. 

The principal theme presented here is that the algebraic geometers' form of 
blowup (Section |^) is so natural that it easily induces continuous homomorphisms 
on diffeomorphism groups (Sections |J and |^), defined by an explicit model given in 
Section ||. These lifting homomorphisms render derivative data at the space level 
since the exceptional locus in blowup is a projectivized tangent space. For complex 
manifolds and biholomorphic maps this rendering works nicely, as it does for real 
C°° manifolds and diffeomorphisms. Dynamical consequences of the construction 
are laid out in Section ^. 

However, for finitely differentiable diffeomorphisms the loss of regularity (Exam- 



ple S.2) in blowup becomes interesting and leads to a second theme: at the lowest 
order of differentiability we find that a C 1 diffeomorphism fixing a point might lift 
to many homeomorphisms with variant dynamics and quotient projections (Sec- 
tion ||). The argument for this nonuniqueness claim uses local C° conjugacy facts 
for hyperbolic fixed points of diffeomorphisms and suggests that the dynamical 
universality of the classical blowup is much more distinctive than the spatial or 
single-map aspects of the construction. This C° variation of blowup also indi- 
cates limitations on neighborhood-based invariants of dynamics. The paper's third 
theme is that while the blowup notion is easy to generalize in a C° context (Section 
H), greatly enlarging on the topological effects of classical blowup (Section when 
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we give up differentiability entirely it turns out that the only reasonable general- 
ized blowups which allow every homeomorphism of the base manifold to lift are 
necessarily homeomorphic to the base manifold (Theorem S.4). 

Topologists are familiar with blowup as a construction tool and stabilizing device 
in four-manifold topology. Nash posed questions, since amplified by others, on 
the equivalence relation on manifolds which blowup generates. Major progress 
on Nash's space-level question was made in [jl], ||, and especially in the work of 
Mikhalkin Q . Blowup equivalence of diffeomorphisms or group actions may be ripe 
for study after those advances. 

We close the introduction with some notational conventions. B n denotes the 
open ball {x <E R" : |x| < 1}, while the closed disk D n = {x G R" : |x| < 1}. The 
derivative of h at p is written Dh\ p . The projection from a Cartesian product onto 
its j-th factor is denoted pr^ . 

Mapping spaces for pairs appear frequently below. If M is a manifold and 
A C M then Aut^t (M, A) denotes the space of C k diffeomorphisms / of M such 
that f(A) = A; f is not obliged to fix A pointwise. The analogous reading is used 
for spaces of homeomorphisms or other self-maps such as Homeo(M, A). 



2. Blowups of a Manifold or Map 



This section considers nonclassical, merely continuous versions of the notion of 
blowing up a manifold or a map between manifolds. Although these are easy to 
construct topologically, they do not ordinarily have the universality properties of 
the classical constructions, and it seems likely that homomorphisms such as those 



exhibited in Theorem 6.1 are a distinguishing feature of the classical constructions 
whose description begins in Section |^. 

Definition 2.1. A topological blowup of an n-manifold M n at a point p € M is a 
quotient map q : V n —* M n such that 

(1) V n is also an n-manifold, 

(2) E := q~ 1 ({p}) is a connected, compact, nonempty subset of V, and 

(3) gly^s : 7\E-»M \ {p} is a homeomorphism. 

A topological blowup of a self-map / : M n — > M n of an n-manifold M n at a 
fixed point p = f(p) e M of / is a topological blowup q: V n — » M n of M at p 
together with a self-map / : V — > V such that this diagram commutes: 



V 



AI 



f 



V 



M, 



i.e., qo f = foq: V -» M. 

X = is called the exceptional locus and M is sometimes described as a 

"blowdown" of V. Our first examples are constructed top-downwards, by beginning 
with V and S. 

the requirement that V 



One could very reasonably add to Definition 2.1 



\ S 

but note in advance the 



should be dense in V. We shall not do so in this paper 
relevance of this density condition in Theorem 8.4. 

A subset E of a manifold V n is cellular if there are closed sets Si C V n such 
that Si 2 S 2 2 • • • 2 Si 2 S i+ i . . . , E = nfSi and for every i, S, = D n is a disk 
imbedded with bicollared boundary. 



Example 2.2. If E is a cellular subset of V n then M — V/Yj is a manifold and the 
quotient map q: V — * V/Y> is a blowup of M at the image of E. 
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FIGURE 2. Blowing up a rotation. 

See Figure [j] for a sketch of this sort of example, in which S is a finite polyhedral 
tree. 

Example 2.3. If g: V n — > V n is a map which preserves a cellular subset Y, C V, 
then g descends to a map /: V/E — > V/E and g together with the quotient map 
g: V ^ V/E defines a blowup of /. 



Examples 2.2 and 2.3 are misleading, inasmuch as V n and M™ are homeomor- 
phic. This is not usually the case, and the replacement of {p} by E can affect the 
global topology of a manifold in drastic ways. 

Example 2.4. If V™ ^ W n #X n is a connected sum and E = X^" 1 ) is the 
codimension-one skeleton of a CW structure for X which has one top-dimensional 
cell, then the quotient map q: V — > V/E = IV is a blowup of W with exceptional 
locus E. 

For instance, if V n is a compact, connected manifold and E is the codimension- 
one skeleton of a cell structure for V which has one top cell then V/E = S n . 

Example 2.5. Examples of topological blowups for maps as well as spaces are not 
hard to produce, and one is sketched in Figure |[ Suppose that g: V n — > V n is 
periodic of period r (so g r = Idy), that g has a fixed point a, and that the action 
of the cyclic group C r generated by g is effective on V and locally linear at a. Form 
a ^-invariant polyhedral tree E with r legs emanating from a, beginning with a 
short segment J based at a so that J \ {a} lies in the open dense set of V on which 
C r acts freely. If J is sufficiently short and becomes smooth in a linear model for 
the action near a, then E = U^(7 J (J) is the desired tree, lying in a Euclidean ball 
about a. The periodic map g descends to a periodic map / on V/T, and the pair 
q : V ~ * V/E, # : V — > V defines a blowup of /. 
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Remark 2.6. The distinctive property of the exceptional locus E in a blowup q : V n — 
M" arises from the requirement that V™\£ = M n \{p} and concerns deleted neigh- 
borhoods: There is an open neighborhood U of £ in V such that f/\£ = B n \ {0}. 
Such a neighborhood provides collared codimension-one spheres exhibiting a 



connected sum structure for V , so Example 2.4 is more typical than it might ap- 
pear, although up to this point we have allowed non-CW compacta to appear as 
exceptional loci. The classical blowup construction of algebraic geometry exploits 
an instance of this neighborhood structure in projective space, exactly along the 



lines of Example 2.4 



3. The Classical Model Construction 

The most classical form of blowing up is performed at the origin in F", where F is 
R or C. Our account mostly follows Q, and a good description of the construction 
and the properties which extend it from the afhne model to other varieties is found 
in|. 

P(F") denotes the projective space of the vector space F", defined as the quo- 
tient P(F n ) = (F™ \ {0})/ ~, where v — w if and only if there exists A E F \ {0} 
such that v = Aw. Square brackets denote homogeneous coordinates on a pro- 
jective space, so that the image in P(F") of (v\ 1 . . . ,v n ) € F" \ {0} is written 
[vi, . . . , v n ]. We will also use [v] to label the image in P(F") of a nonzero vector v 
inF™ 

Let XcF"X P(F n ) be the subset 

X = {((an, . . . ,x n ), [yi, . . .,y n ]) ■ for every j, k, x y k = x k yj} 

and let 

q: X -> F" 
(x, [y]) i->x 

be the restriction of first-coordinate projection pi^ : F n x P(F n ) — > F™. 

Lemma 3.1. X = {(x, [y]) : there exists fi G F such that x = /zy}. In addition, 
X is a subvariety o/F n x P(F"), q is an algebraic map, and preimages under q, 



?- 1 ({x}) = 



{(x,[x])}, tfx^O, 
{(0, [y]) : [y] G P(F")}, z/x = 0, 



are such that q is an isomorphism away from the origin and the fiber of q over the 
origin is isomorphic to the projective space P(F"). □ 

S = q~ 1 ({0}) = P(F") is usually called the exceptional locus or exceptional 
divisor. The quotient map q is sometimes called the blowdown map, since it alters 
X only by identifying £ to a point (thus "blowing down £" ) . 

First-coordinate projection in F" x P(F") defined the blowdown map q, and 
second-coordinate projection determines the structure of a neighborhood of the 
exceptional locus in classical blowups. 

Lemma 3.2. Second-coordinate projection restricts to X as 

(x, [x]) I * [x] 

(o,[y])-[y] 

and identifies X with the universal line bundle over P(F"), i.e., the F 1 -bundle over 
this projective space whose fiber at [y] is the line {Ay : A G F} through the origin 
and y in F". £ is identified with the zero section in this bundle, so the normal 
bundle ofT, in X is identified with the universal line bundle. □ 

We will return to this bundle structure in Section ^[ 
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4. Naturality Properties and Manifold Constructions 

Any self-map of (F™, {0}) such that h is differentiable at the origin and Dh\o is 
a F-linear isomorphism lifts to a map hoi X, where h is defined by: 

(4.1) h: (x,[x]) ~ (fc(x), [ft(x)]), 

h: (0, [y]) ~ (0, [Dh\ (y)]). 

Lemma 4.1. If h: (F™,{0}) — ► (F™,{0}) is a continuous map which is differen- 
tiable at 0, and if Dh\o is a F-linear isomorphism, then the map h: (X, E) — ► (A", E) 
defined above is continuous and makes this diagram commute 

(A,E) — (X, E) 

(F",{0» — ^ (F",{0», 
i.e., qoh = hoq: (X, E) (F",{0». 

Proof. The claim that go/i = h o q follows immediately from q — pr 1 \x and 
/i(E) = E. Because <?: X \ E — > F™ \ {0} is a homeomorphism and h is continuous, 
the continuity claim only needs to be confirmed at points of E. 

The restriction of h to E = {0} x P(F n ) is the projectivization P(Dh\o) of 
a linear isomorphism, so this restriction is a C°° diffcomorphism on E. Because 
h(x) = Dh\ (x) + R(x), where i?(x) = o(|x|) as |x| — > 0, h is continuous on the 
normal line {(Ax, [Ax])} through (0, [x]) G E: 

ft (Ax, [Ax]) = (/i(Ax), [/i(Ax)]) 

= (/i(Ax),[£)/i|o(Ax)+i?(Ax)]) 

= (ft(Ax), [(A|x|)- 1 ^| (Ax) + (Alxl)" 1 ^^]) 

= (ft(Ax), [D/ilodxl"^) + (A|x|)- 1 i?(Ax)]) , 

which tends to (0, [Z?/i|o(x)]) as A — > 0, with convergence uniform in |x| _1 x. There- 
fore, by the triangle inequality, h is continuous at every point of S. □ 

The next lemma follows from the Chain Rule. Recall that a map or homeomor- 
phism of pairs (X, E) — ► (A", E) is required to carry E to itself but need not restrict 
to the identity on E. 

Lemma 4.2. let g,h: (F™,{0}) — > (F",{0}) be continuous maps which are dif- 
ferentiable at and have F-linear isomorphisms as their derivatives at the origin. 
Then goh = gah: (A,E) -> (A,E). □ 

Since Mf- = Idx , the Lemma shows that h \—> h defines a homomorphism 

(3: Aut c i^ F (F™, {0}) -> Homco(A, E), 

where the F decoration indicates that the derivatives are required to be F-lincar. 

Proposition 4.3. A smooth real or complex manifold M can be blown up at any 
point p to produce a quotient map from a smooth real or complex manifold M, 

q: (M,E)->(M,{p}). 

which restricts to an isomorphism q\: M \ E — ► M \ {p}. If M is modelled on F™ 
^enE = P(F"). 
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Figure 3. Normal structure of the exceptional locus. 



Proof. Lemma 4.2 shows that origin-preserving coordinate changes with F-linear 
derivatives act as automorphisms of q: [X, £) — > (F™,{0}). If 0j : U — > F™ 
are local coordinate systems (i = 1,2) on a neighborhood f/ of p in M then 

(0i o^ 1 ): X — > X gives a change of coordinates on the model blowup. The 



homomorphism properties established in Lemma L2 show that blownup coordinate 
change maps satisfy the cocycle condition, yielding a consistent pasting construc- 
tion for M from the data defining M . □ 

The same naturality properties used above give diffc omo rphism blowups on 
smooth manifolds, which are treated in detail in Theorem 6.1. 



5. Topology 

This section describes the effects of the classical blowup construction on topology. 
We begin with the model construction at the origin in F™, where the space X and 
the normal bundle of E in X are identified with the universal line bundle over the 
projective space E. 

This bundle description gives a picture of the blowdown map which may be 
helpful (see Figure ||). Let S(F n ) denote the unit sphere in F"; then a tubular 
neighborhood of E in X is identified with the mapping cylinder of the Hopf map 
h: S(F n ) — ► P(F n ) and the blowdown quotient on this tubular neighborhood is 
the natural map between the mapping cylinders for this Hopf map and for the 
constant map c: S(F n ) — > point, i.e., the map of pairs (MapCyl(/i), P(F™)) — > 
(MapCyl(c), {point}). 

In the complex case a bit of attention is required to the line bundles playing 
roles in this discussion. McDuff and Salamon [|| describe these identifications or 
computations carefully: 

(a) fx (E) is identified with the universal line bundle L over the projective space 
E £ P(C n ); 

(b) the first Chern class Ci(z/x(E) = — c, where c is the positive or canonical gener- 
ator of ff 2 (£;Z); 

(c) the normal line bundle to the hyperplane section in P(C" +1 ) has first Chern 
class ci(^p(ci+i)P(C n )) = c; and 
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(d) the normal line bundle to the hyperplane section in the conjugate complex 

structure P(C n+1 ) has first Chern class ci (^ P ( Cn +i) P(C")j = — c. 

The real blowup of a point in a Riemann surface has E = RP 1 = S , where 
the model space X is the nonorientable line bundle over S 1 whose total space is 
a Mobius band. Thus, for surfaces the mapping cylinder description of blowing 
up and down suggests that blowing up a point has the global topological effect of 
sewing in a crosscap. This is true, and in general th e gl obal effect of blow ing up a 



point is a connected sum operation, as in Example 2A and Remark 2J: . For real 
blowups, 



and for complex blowups 



M n ^ M "# C pn 



A conjugate complex structure appears in the second connected sum because of the 
determinations of line bundles in the preceding paragraph. 

6. Blowing Up Maps at a Fixed Point 



The naturality properties of the classical blowup construction suggest that (4.1) 
shows how to extend blowup to a homomorphism of diffcomorphism groups. This 
is possible, but a kink develops in the C case. 

The regularity loss in the theorem below is formally due to a division when one 
considers the homogeneous coordinate side of the formula for h. More geometrically, 
the blowup construction renders tangential data for h as spatial data for h since S 
is the space of lines in T P M, so the loss of one derivative should be expected. An 
example is worked out below to show that the the loss of a derivative is genuine. 

Theorem 6.1. Classical blowup of a point p € M determines continuous, infective 
homomorphisms 

[3: Aut cfc (M™, {p}) — ► Aut c i=-i (M, E) 
(in the real case) and 

(3: Aut Holo (M n , {p}) — > Aut Ho i (M, E) 
(in the complex analytic case), where [3{h) — h in both cases. 

Proof. Away from E we know that h and h may be identified, so the regularity 
issue only arises along E. Along E we have defined h to be the projectivization of 
the linear map Dh\o, so h is infinitely differentiable in those directions. 

If for x near we have h(x) — D^k-lo^x, . .. ,x) + -ff(x), where i?(x) = 

o(|x| fc ) as x — > 0, then 

/ fc fc 
/i(x,[x])= ^£)^|o(x,...,x) + J R(x), [^P^| (x,...,x)+i?(x)] 



D j h\ (x, . . . , x) + i?(x), [J2 £>^| (x/|x|, x, . . . , x) + i*(x)/|x[ 

The division by |x| inside the homogeneous coordinates gives a zero-th order term 
of Dft,|o(x/|x|), similarly reduces the degree of the other homogeneous terms in 
the Taylor expansion, and reduces by one the order of vanishing for the remainder 
term. The resulting expansion of h near (0, [x]) € E shows that we lose one partial 
derivative of h along the fibers of the normal bundle vx (E) , compared to the degree 
of smoothness of h at 0. (Recall from Section [| that h is C°° along E.) 
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The partial derivatives of h along the singular locus and normal to it are con- 
tinuous, through order k — 1, so h is C k ~ 1 at points of E by the familiar theorem 
deducing (Frechet) differentiability from continuous partial derivatives. 



Lemma 4.2 and surrounding discussion show that (5 is a homomorphism. 

Once we know that h is continuous, it follows that [3 is injective, since h deter- 
mines h on the dense subset M \ E. 

P is continuous because the C r distance between diffeomorphisms on M n ma- 
jorizes the C r ~ 1 distance between their blowups onM\S and the C"' _1 distance 
between those blowups on E. □ 

Example 6.2. This is a two-dimensional example of the regularity loss from C 1 
to C° indicated in the theorem. 

Let g : R — > R be defined by g(x) = x + x\x\, so that g'(x) = 1 + 2\x\. g is a C 1 
diffcomorphism, but not C 2 , and g(0) = 0. 

Define h: R 2 — > R 2 to be the C 1 diffeomorphism h(x,y) — (g(x).y). This map 
preserves the origin and blows up there to h : ((x,y), [x, y]) i— > ((x + x\x\, y), [x + x\x 
The parametrized line t i— > (t, mi) of slope m ^ in the plane is covered in the 
blownup plane by the C°° parametric curve c: 1 1— * ((t,mt), [t, mt]), and the com- 
posite 

ftoc: t h-> ((t + t|i|,mt), [t + t|i|,mt]) 
= ((t + *|t|,TO*), [m^ 1 

is continuous but not diffcrentiable at t = 0, since in the usual local coordinate 
system about [0, 1] G P(R 2 ) the second component becomes t i— > m _1 + m _1 |<|: 
therefore /i is not differentiable, and not even Gateaux differentiable, at c(0) = 
((0,0), [l,m])eE. 

Similar examples for C k to C fe_1 regularity loss are available for all k > 1. 



Theorem B.4 indicates that C° to C° lifting of automorphisms through blowups 



is problematic for other reasons. 

7. Dynamics 

The dynamics of a classically blown-up diffeomorphism h off, on, and near the 
singular locus are described in terms of basic features of the original diffeomorphism 
h. 

If h: (M, {p}) — > {M, {p}) is a diffeomorphism fixing p then the restriction of q 
gives 

so blowup does not modify dynamics far from the exceptional locus. 
Lemma 7.1. On the exceptional locus E = P(T p M) 

%^P(Dh\ p ) 

is a projectivized linear map, with the new fixed point set given by 

(7.1) e n Fix(/0 = n AeF p{e x ), 

where E\ = ker(A7 — Dh\ p ) and II denotes a disjoint union. 

Proof. Equation |4.l| defines h: (0, [y]) i— »• (0, [Dh\o(y)]) in the model case, so the 
restriction of h to E is the projectivization of the derivative Dh\ p . 

Therefore, fixed points of h in E = P(T p M) are solutions of [Z)/i| p (t>)] = [v], 
i.e. projective equivalence classes of tangent vectors v for which there exist scalars 
A £ F satisfying Dh\ p (v) — Xv, that is, projective equivalence classes of eigenvectors 
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Figure 4. Blowing up a hyperbolic fixed point. 



of Dh\ p . Equation 7.1 describes the set of all such projective classes as a disjoint 



union of projectivized subspaces of T p M. □ 
Derivative computations for h at points of £ and in directions not tangent to E 



will involve the loss of order noted in Theorem 6.1. These are omitted here - see 
the displayed equation in the proof of that theorem for the appearance of second 
derivatives of h in the first derivative of h. Despite this derivative complication, a 
qualitative picture of part of the dynamics of h normal to £ is provided by some 
naturality observations. 

First, if N k is a C 1 submanifold of N n passing through p and M is the blowup of 
M n at p then there is a C° submanifold V k of M such that V is homeomorphic to 
N and q N : (N, T, N ) -> (N, {p}) is equivalent to q M \ ■ (V, VhSm) -> (N, {p}). The 
main step in checking this claim is a confirmation that the closure of qT, [N \ {p}) 
in M meets E M in P{T p N k ). 

Second, if h: {M n ,N k ,{p}) -> (M n ,N k ,{p}) is a C 1 diffeomorphism then h 
preserves the submanifold V k defined in the preceding paragraph. 

In particular, if p is a hyperbolic fixed point of h then this applies to the stable 
and unstable manifolds at p, and also to any invariant local submanifolds tangent 
to other invariant subspaces of T P M, such as eigenspaces of Dh\ p . Because E n V = 
P(TpiV), in Figure U the blownup one-dimensional stable submanifold at p meets E 
in the point corresponding to the appropriate eigenspace of Dh\ p , while the blownup 
unstable manifold meets E in the point corresponding to another one-dimensional 
eigenspace. 

This low-dimensional example suggests the behavior of blowups at hyperbolic 
fixed points, but is a bit simpler than the general case, which we sketch now. 

Suppose that p is a hyperbolic fixed point of h, that E a and E u are the stable 
and unstable subspaces of T p M, and that the stable and unstable submanifolds at 
p are W s and W u . W s and W u blow up at p to give invariant submanifolds V s , 
V u which meet E in a submanifold (either ~P(E S ) or P (E u )) which is invariant and 
forward attracting (respectively backward attracting) . The dynamics of h restricted 
to P(E S ) or P(E U )) are those of a projectivized linear map. 
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Figure 5. Topologically conjugate hyperbolic fixed points. 

8. Variant Blowups 

C° data for h are not enough to determine as a homeomorphism. For 
example, in the hyperbolic case we can apply local conjugacy results to obtain 
lots of homeomorphisms blowing up a given C 1 diffeomorphism. A handy reference 
for these facts on topological conjugacy is [Q, Sec. 6.3], which gives a proof of this 
result on local equivalence of hyperbolic fixed points: 

Remark 8.1. Topological conjugacy classes of hyperbolic diffeomorphisms with p 
as an isolated fixed point are determined by the dimensions and orientations of the 
stable and unstable manifolds of these diffeomorphisms at p. 

For example, if M is even-dimensional over R, p is a fixed point for hi (i = 1, 2), 
and Dh\\ p is diagonalizable with all eigenvalues lying in the interval A > 1, while 
Dhi\ v has only non-real eigenvalues, all satisfying |A| > 1, then h\ and hi are locally 
conjugate near p. Figure |5| suggests how different in appearance such topologically 
conjugate diffeomorphisms can be, and indicates that the cause of the phenomenon 
is a familiar difficulty: we can unwind a spiral with a continuous automorphism, 
but not with a smooth one. 

A global topological conjugacy <j>: M — > M from hi to ho leads to a variant 
blowup of ho with hi as the covering homeomorphism and <f> o q as blowdown map. 



M hl > M 




M hl > M 




M — ^ M 



The dynamics on £ of these conjugacy-induced blowups can differ dramatically 
from those of the classical construction. Fixed point sets on £ may differ drastically 
in dimension as we run over diffeomorphisms hi which are topologically conjugate 
to ho, ranging from empty to discrete to connected and high-dimensional. We 
emphasize this variability with a proposition. 

Proposition 8.2. Let h: M n — > M n be a diffeomorphism with an isolated hyper- 
bolic fixed point p. If the stable and unstable subspaces Ep,Ep C T p M are both 

even-dimensional then there are conjugacy-induced topological blowups h of h such 
that £ n Fix(/i) is of any of these sorts: 
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(a) empty, 

(b) discrete, containing any even number of points between 2 and n, or 

(c) positive-dimensional, with any dimension between 1 and — l+max(dim(£p ), dim(£J|)). 



Proof. In each case a C° conjugacy as described in Remark 8.1 between h and 



another diffcomorphism g with a hyperbolic fixed point at p yields the topo logi cal 



to 



blowup. Our job here is to allocate eigenvalues for Dg\ p and apply Lemma 7T 
?■ 

If every eigenvalue A e C\R then Dg\ p has no real eigenvectors and the classical 
blowup's E n Fix(g) is empty. 

If Dg\ p has k distinct real eigenvalues and n — k complex eigenvalues appearing in 
conjugate pairs, then k must be even but may otherwise assume any value between 
and n. In this case we see k isolated fixed points for g on E. 

Positive dimensional fixed point sets arise from repeated real eigenvalues for 
Dg\ p . These may appear in combinations so that the multiplicities of real eigenval- 
ues form partitions of some even numbers < e u < dim(E'p), < e s < dim(Ep): 

ki+k 2 ^ h k q = e„, 

h + h + ■ ■ ■ + i r = e s , 



where ki, lj are the multiplicities of unstable, respectively stable, real eigenvalues 
of Dg\ p . Each of these real eigenvalues produces a component of the fixed point set 
E l~l Fix(g) which is diffeomorphic to a projective space: If A is a real eigenvalue of 
multiplicity m then P(E\) = P(R m ) = RP m_1 . The largest dimension arising in 
this way max(dim(P(££)), dim(P(£p)). □ 

Note that EnFixfjg) might have components of different dimensions. The com- 
plex case is similar, but the fixed point set must be nonempty. 

The next few results indicate that topological blowups are necessarily limited in 
naturality. 

Lemma 8.3. Let N k be a connected topological manifold without boundary. If {x{\ 
and {yi} are sequences in N x (0, oo) such that {pr 2 (a^)} — > {P r 2(j/i)} ~~ * °°> an d 
both of these sequences in R are strictly increasing, then there is a homeomorphism 
g: N x (0, oo) — > N x (0, oo) such that for every i, g(xi) = yi, and such that for 
some e > the restriction <?|(o, E ] is the identity. 

Proof. This is a consequence of the following version of the homogeneity of mani- 
folds: for any x, y G N there exists an isotopy from Idjv to a homeomorphism which 
carries x to y. 

In more detail, g can be built in segments which are pasted together. We may 
apply a homeomorphism of the form p : (x,t) i— ► (x, i()(t)), where ip: (0, oo) — > (0, oo) 
is a homeomorphism, to arrange that pr 2 (p(xi)) — pr 2 (j/i) for all i. Continue the 
argument with the sequence {p(xj)} replacing {xi}. 

Let < si < pr 2 (xi) and let <p t : N — > N be an isotopy over si < t < pr 2 (a;i) 
such that 4> S1 = hi/v and </ l pr 2 (£ci)(P r i( a; i)) = P r i(?/i)- Define the first two pieces of 
g: Nx (0,oo) -> Nx (0, oo) by g\ N x(o,si] = IdjVx(o, ai ] and 9\nx[si, P x 2 (xi)] : ^ 
(4>t{x), t). Subsequent segments are defined by taking an isotopy <pt over pr(a;j_i) < 
t < pr 2 (a;i) which starts with the (j)pr(xi-i) already selected and ends at a homeo- 
morphism which carries 4>pr(x i - 1 ){ x i) to yi- □ 

The topological blowups q: (V, E) — * (M, {p}) of greatest interest will share 
with the classical construction the property that V x E is dense in V. This line of 
argument shows that in no such case can we find a lifting construction for homeo- 
morphisms. 
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Theorem 8.4. Let q: (V n , S) — » (M n , {p}) be a topological blowup of the manifold 
M n at p such that at least two points lie on the frontier ofYiinV. If n > 2 then 
there is a homeomorphism h: (M, {p}) — > (M, {p}) which does not lift through q. 

Proof. Suppose that x,(/gE are distinct points and that {xi}, {yi} are sequences 
in V \ X such that x = Hindoo Xi and y = lirnj_, 00 We may assume that both 
sequences lie in a neighborhood U of X which admits a homeomorphism / : J7\£ —> 
S 1 " -1 x (0, oo) and that the sequences {pr 2 °f(xi)} and {pr 2 are strictly 

increasing and converge to oo. 

Form a third sequence {zi} such that each Z2j is one of the yi, each z%j+i is one 
of the Xi, and the real sequence {pr 2 °f(zi)} is strictly increasing and converges to 
oo. {z^ is not convergent in V, but all three of the sequences {q(xi)}, {q(yi)}, and 
{q(zi)} converge to p in M . 



Since n > 2, Lemma implies that there is a homeomorphism h: (M, {p}) — > 
(M, {p}) such that for every i, h(q(xi)) — q(zi). If /i is covered by h: V — > F then 
is divergent although {x^} converges to a;, so ft, is not continuous. □ 

Corollary 8.5. Suppose thatn > 2 and Zet a: (F n , E) — » (M™, {p}) oe a topological 
blowup of the manifold M n at p such that V \ S is dense in V . If every home- 
omorphism of {M,{p\) is covered by a homeomorphism of (V,H), then S = {pt.} 
and q is a homeomorphism. □ 
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